
THE INTERNATIONAL JOURNAL OF ENGINEERING AND INFORMATION  TECHNOLOGY (IJEIT), Vol. 1, No.1, 2014              17 

www.ijeit.misuratau.edu.ly  Paper ID: EN004 

Reliability Analysis of Fatigue Crack Growth in 

Plain Concrete 
 

Mustafa A. Aldalinsi 
Misurata University / Department of Civil Engineering 

Misurata, Libya 

mustafa2280@yahoo.com 

 
Abstract — Civil engineers know that fatigue indicates the 
majority of structural failures. In plain and reinforced 

concrete structures, fatigue might account for excessive 

deformation, excessive of crack widths, de-bonding of 

reinforcement and rupture of the reinforcement, all of these 

can lead to structural collapse. Fatigue crack propagation 
can be a method to predict a remaining life of structures. 

Herein some works that have been done will be shown in 

order to analyse the fatigue crack growth for plain concrete 

specimens. The goals of this study are to estimate the critical 

crack length and remaining life of a plain concrete 
specimen, determine the state of the specimen either having 

failed or being safe using first order reliability method 

(FORM) and assess which parameter has most influence on 

the reliability index. 

Index Terms — Fatigue, crack propagation, remaining life, 
first order reliability method (FORM). 

I. INTRODUCTION 

n recent years, monitoring, repair, and renewal of 

Existing structures such as bridges and buildings 

have brought many challenges to civil engineers. The 

fatigue is a major cause of structural failure, so civil 

engineers should consider it carefully during a design 

stage.  In plain and reinforced concrete structures, fatigue 

might account for excessive deformation, excessive crack 

widths, de-bonding of reinforcement and rupture of the 

reinforcement, all of these can lead to structural collapse, 

Perdikaris and Calomino, (1987). Fatigue crack 

propagation can be a method to predict a remaining life 

of a structure, so herein will show some works that have 

been done in order to analyze the fatigue crack growth for 

plain concrete. One of the most important efforts  that 

have been made is how to predict the remaining life of 

structures based on variable amplitude of fatigue loads. 

This is done by proposing an improved fatigue crack 

propagation law that takes into account the loading 

history of a structure, frequency of the applied load, and 

the size effect parameters. According to linear elastic 

fracture mechanics concepts, a fatigue crack propagation 

law proposed by Slowik et al. (1996) is based on a 

variation of the Paris Law (1963), which is an empirical 

law characterizing fatigue growth for metals including 

parameters such as fracture toughness, loading history, 

and specimen size, except the frequency of externally 

applied load. Slowik et al. (1996) have been worked to 
adopt Paris Law (1963) to be adjusted for concrete. 
Therefore, they suggested that the fatigue crack 
propagation proposed law should be able to account 
for: 1) effect of loading history and sequence; 2) 
acceleration effect of spikes; and 3) size effect to be 

modeled for plain and reinforced concrete.  

The concepts of fracture mechanics may be used as a 

mathematical tool for the assessment of residual strength 

and provide models that can be used to determine how 

cracks grow and how cracks affect the fracture strength of 

a structure. It is well known that the fatigue accounts for 

a bulk of material failures. Thus it is a well understood 

phenomenon for metallic structural components and 

causing untreatable material damage, Paris and Erdogan 

(1963). In case of concrete, the fatigue mechanisms are 

different from those in metals due to dissimilar fracture 

behavior.  

A fracture process zone (FPZ) is a zone where the 

cement mortar matrix is intensively cracked. “Fracture of 

concrete is characterized by the presence of a fracture 

process zone at the crack tip,” Sain and Kishen (2007) as 

shown in Figure (1). In the FPZ, there is no continuation 

for displacements while there is continuity in stresses. 

Thus, the stresses consider as a function of the crack 

opening displacement (COD). The tensile stress is equal 

to tensile strength of the material at the tip of the fracture 

process zone and it progressively decreases to zero at the 

tip of a true crack. It is assumed that in the very 

beginning the resulting damage occurs in the FPZ under 

low-cycle fatigue loading due to decrease in load-

carrying capacity and stiffness, and it does not occur in 

the undamaged material, Foreman et al. (1967). If the 

FPZ shows greater sensitivity to fatigue loading than the 

surrounding material, then the fatigue behavior can be 

considered to be dependent on loading history, Slowik et 

al. (1996).Moreover, the size, shape, and fatigue behavior 

of the fracture process zone are dependent on specimen 

size and geometry, Zhang et al. (2001). Therefore, 

loading history considers the most important factor in 

fatigue behavior of concrete and only a nonlinear fracture 

mechanics model can describe it. Hence, the modification 

of metals’ fatigue growth law is necessary in order to 

estimate the fatigue strength in plain concrete. 
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Figure 1. Fracture process zone, Sain and Kishen (2007) 

 

II. PROPOSED MODEL 

In order to know how the proposed model, which is 

described later on and shown in equation (1), works 

based on the three laws Paris (1963), Farman (1967) and 

Walker (1970), it is important to show how the 

experiments were performed on wedge-splitting test 

specimens. The experiments were performed by Slowik 

et al. (1996). For the small specimens, a loading device 

was selected the same as the one introduced by Bruhwiler 

(1988) and Bruhwiler & Wittmann (1990). For large 

specimens, a loading device allows both crack opening 

and crack closure to be applied. The exact specimen 

dimensions are 914x610mm2 and 305x305mm2 (36x24 

and 12x12 in2) sketched in figure (2).  

Cracks were introduced during the test for the large 

specimens, while they were saw-cut for small ones. The 

concrete mixtures and material properties are shown in 

Table (1), Slowik et al. (1996). All specimens were cured 

in a fog room; small ones were tested at approximately 30 

days and 90 days for the large specimens. Specific 

fracture energy was determined through identical wedge-

splitting tests under monotonic, quasistatic loading, 

Saouma et al. (1991). Minor differences were noted 

between the small and large specimens, which can be 

marked to the difference in ligament lengths.  

 

Figure 2. Specimens’ dimensions 

 

TABLE1. Concrete mix and material properties for small and large 
speicemns, Slowik et al. (1996). 

 
 

Small 
specimens 

Large specimens 

Cement, Type I 350 kg/m3 350 kg/m3 

Water 182 l/m3 182 l/m3 

Sand, 0 to 2.4 mm 761 kg/m3 761 kg/m3 

Gravel, 2.4 to 12.5 
mm 

614 kg/m3 614 kg/m3 

Gravel, 12.5 to 25 mm 538 kg/m3 538 kg/m3 

Young’s modulus Ec 16,000 Mpa 17,000 Mpa 

Compressive strength 

fc’ 
30 Mpa 30 Mpa 

Specific fracture 

energy GF 
158 N/m 206 N/m 

Fracture toughness KIc 0.95 MNm-3/2 1.48 MNm-3/2 

 

III. LOAD HISTORIES AND MEASUREMENTS 

To simulate an earthquake loading in reality by 

keeping the number of test parameters to a minimum, a 

load system shown in figure (3) was selected. It is 

characterized by a basic sine vibrancy that is interrupted 

by spikes. This was obtained by a specially built 

programmable function generator connected to a standard 

controller. Load frequencies of 3 and 10 Hz were used. 

The applied load and the crack mouth opening 

displacements (CMOD) in the load line were recorded at 

sampling frequencies of 50 (for loading frequencies up to 

3 Hz) to 200 Hz (for higher loading frequencies). The 

tests were run under load control. Tables (A) and (B) in 

the appendix summarize the load histories for small and 

large specimens, Slowik et al. (1996). 
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To determine the equivalent or effective crack length, 

a finite element calibration was performed for both 

specimen geometries. This was done through a linear 

elastic analysis for different crack lengths and for a 

constant value of the Young’s modulus (E). A relation 

between the compliance and the effective crack length 

obtained from experiment result shown in tables (A) and 

(B) was determined in figure (4). During the test, a series 

of unload/reload cycles were performed. The specimens 

were unloaded down to 2% of the maximum load, and the 

compliance determined from the average slope of 

unloading and reloading branch. By comparing the initial 

compliance with the numerical one, the effective Young’s 

modulus (E) was computed and in later comparisons the 

equivalent crack length was determined from figure (4), 

Slowik et al. (1996). 

 
 
 
 
 
 

 
 
 

 
 
 
 

 
 

Figure3. Simulated earthquake loading applied in experiments, Slowik 
et al. (1996). 

 
Figure 4. Compliance calibration curve for large specimens, Slowik et 

al. (1996). 

IV. OPTIMIZED FATIGUE CRACK PROPAGATION MODEL 

FOR CONCRETE 

Based on linear elastic fracture mechanics concepts, 

the fatigue crack propagation law proposed by Slowik et 

al. (1996) involves parameters such as fracture toughness, 

loading history, and specimen size, “except the frequency 

of externally applied load,” Sain and Kishen (2007), and 

is described by 

 

da

dN
= C (

KImax
m ΔKI

n

(KIC − KIsup ⁡)
P
)+ F(a, Δσ)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(1) 

 

Where KIsup  represents the maximum stress intensity 

factor ever reached by the structure in its past loading 

history; KIC  represents the fracture toughness; KImax  

represents the maximum stress intensity factor in a cycle; 

∆KI represents the stress intensity factor range; N is the 

number of load cycles; C is the crack growth rate per 

fatigue load cycle; and m, n, and P are constants. These 

constant coefficients are determined by, Slowik et al. 

(1996) using experimental data and they obtained 2.0, 

1.1, and 0.7, respectively. Finally, the function F(a, ∆σ) 

describes the effect of sudden overload onto the crack 

propagation. 

 

A. Crack Growth Rate (𝐶) 

 

The parameter C in Equation (1) empirically gives a 

measure of crack growth rate per fatigue load cycle. This 

parameter in concrete members indicates the crack 

growth rate for a particular grade of concrete and is also 

size dependent. The value of C is determined by, Slowik 

et al. (1996) to be equal to 3.2x10-2 mm/cycle for small 

specimens and 9.5x10-3 mm/cycle for large ones. It 

should be observed herein that the stress intensity factor 

expressed in MNm-3/2. The C⁡values were determined for 

a particular loading frequency of 3 Hz. Because 

parameter C gives an estimation of crack propagation rate 

in fatigue analysis, it should also depend upon the 

frequency of loading. Moreover, the fatigue crack 

propagation takes place primarily within the fracture 

process zone; thus, C should be related to the relative size 

of the fracture process zone, which is related to 

characteristic length. Therefore, C should depend on the 

characteristic length (lch) and ligament length (L), where 

lch=EGf/ft’2, and E is the elastic modulus  of concrete, 

ft’2 is the tensile strength of the concrete, and Gf is the 

specific fracture energy. A linear relationship between 

parameter C and ratio of ligament length to characteristic 

length was proposed by Slowik et al. (1996) given by 

 

C = (−2 + 25
L

lch
)x10−3

mm

cycle
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(2)⁡ 

 

The equation (2) does not account for the frequency of 

fatigue loading. Hence, modification of this equation was 

proposed by Sain and Kishen (2007) including the effect 

of loading frequency. This was established through a 

regression analysis using the experimental results of 

Slowik et al. (1996), which have used compact tension 

specimens of two different sizes with loading frequency 3 

Hz and interrupted by spikes. In a compact tension 

specimen, tensile force is applied in a direction 

perpendicular to the crack, thereby causing the 

propagation of the crack through the opening mode. The 

geometrical properties of these compact tension 

specimens are shown in Table (2). Also, the C values are 

reported by Slowik et al. (1996), which are computed by 

fitting the experimentally obtain a − N data into equation 
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(1) are shown in Table (3) along with the frequency of 

loading used in the test. The value of C times f⁡(Cf) in 

terms of the ratio of ligament to characteristic length 

(L/lch) is given by 

Cf = −0.0193 (
L

lch
)
2

+ 0.0809 (
L

lch
)

+ 0.0209
mm

second
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(3) 

 

From equation (3), one can obtain the value of parameter 

C for any loading frequency, grade of concrete, and size 

of specimen.  
 

TABLE 2. Geometry and material properties of specimens,                
Slowik et al. (1996) 

 

Specimen 
Depth, 

mm 

Width, 

mm 

Span, 

mm 

Initial 

crack, 
mm 

E, 

Mpa 

KIC, 

MN/m3/2 

Large 900 400 - 230 17,000 1.48 

Small 300 100 - 50 16,000 0.95 

 
TABLE 3. C values and material parameters, Slowik et al. (1996) 

 

Lch L/lch 
GF 
N/m 

C, 
mm/cycle 

f. 
Hz 

Cf, 
mm/s 

Specimen 
size 

238.74 1.38 206 32x10-3 3 0.096 Large 

172 0.872 158 
25.33x10-

3 
3 0.0285 Small 

 

B. The Sudden Increase Function (𝐹) 

In concrete, the size of process zone is increased due 

to overload and the rate of crack propagation which is 

different in metals. In equation (1), the function F(a, ∆σ) 

describes the sudden increase in equivalent crack length 

due to overload, Slowik et al. (1996). It should be 

observed herein that the function F is not related to 

fatigue directly but only takes care of the structural 

response due to overloads. Based on a nonlinear 

interpretation, overloads cause a sudden propagation of 

the fictitious crack tip, Slowik et al. (1996). The values of 

function F have been obtained for compact tension 

geometries by unloading and reloading at several load 

levels in the prepeak region and calculating the 

equivalent crack length from the corresponding 

compliances. Sain and Kishen (2007) developed a close 

form analytical expression to compute the sudden 

increase in crack length due to overloads. Since the rate 

of crack propagation due to overload depends on the 

nature property of concrete and stress amplitude, the 

function F was given by 

F = (
∆KI

KIC

) ∆a⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4) 

 

Where ∆KI indicates the instantaneous change in 

stress intensity factor from normal load cycle to a certain 

overload cycle which is given by Sain and Kishen (2007). 

 

∆KI = Koverload − KInormal ⁡load ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(5) 
Where Koverload  represents the maximum stress 

intensity factor due to overload, KInormal ⁡load represents 

the maximum stress intensity factor due to normal load 

just before the overload. The value ∆a is the increase in 

crack length with respect to its initial value before the 

application of overload and KIC  is the fracture toughness 

of concrete. 

 

C. Strength Of Cracked Plain Concrete Beams 

The basic equation that relates the stress intensity 

factor with applied load, specimen geometry, and crack 

size is given by Bazant and Kangming (1991).  

 

KI =
Pf(α)

b√d
= σn√d

f(α)

Cn
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(6) 

 

Where α is the relative crack depth  
a

d
, a is the crack 

length, d is the characteristic dimension of the structure 

such as depth of beam, b is the specimen thickness, P is 

the applied load, σn is magnitude of the applied nominal 

stress, and f(α) is a function depending on specimen 

geometry and for a three-point bend beam is given by.  

 

f(α) = (1 − α)
−
3

2(1 − 2.5α + 4.49α2 −3.98α3

+ 1.33α4)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(7) 
 

The value Cn  is a coefficient chosen for convenience to 

generalize the stress expression. For a three-point bend 

beam specimen having an initial notch lengtha0 , Cn =
3L

{2(d−a0)}
. 

V. APPLICATION TO COMPUT E RESIDUAL LIFE (KI) AND 

CRITICAL CRACK LENGT H (DA) OF PLAIN CONCRETE 

The model for computing the effective crack length 

(da) with the respect to the number of cycles of fatigue 

load, explained by equations (1) and (4), is used to come 

up with the number of load cycles required for dominant 

crack to reach a critical size. Moreover, the strength at a 

specific crack length can be determined from equation 

(6). By using equations in the foregoing, one can assess 

the residual strength of a plain concrete specimen using 

the following steps, Sain and Kishen (2007). 

1. The effective crack length (da) versus the number of 

load cycles (N) relationship for the large specimen 

(G05) is plotted in figure (5) for a given concrete 

member using equation (1), (3) through (7).  

2. The strength of the member as a function of 

continuously increase crack length (a) is determined 

from equation (6).  

3. Using the plot obtained from step 1and shown in 

figure (5) the number of load cycles (NC) required 

for the existing crack to become critical, at the point 

when the curve becomes asymptotic, is determined. 

At NC, using the result in step 2, the current 

strength of the specimen is determined, which gives 

the residual strength. 
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Figure 5. the effective crack length (da) vs. the number of load cycles 

(N) for the large specimen (G05). 

 

A. The Obtained Results From The Application 

1. The experiment results obtained by Slowik et al. 

(1996) and validated by Sain and Kishen (2007) for 

the large specimen (G05) were much closely the 

values plotted in figure (5).  

2. The number of load cycle (Nc) required for the 

existing crack to become critical is equal to 3600. 

3. The residual strength (KI) for the specimen (G05) is 

equal to  0.172
MN

m
3
2

. 

4. The critical crack length (da) before the specimen 

fail is equal to 50.64mm. 

VI. RELIABILITY ANALYSIS 

Structural reliability is defined as the probability that 

an item or facility will not perform its intended function 

for a specific period of time. Structural reliability theory 

and the principles of reliability analysis have been 

applied to many problems, such as design of structural 

components, control systems, and specific mechanical 

components. Classical reliability theory was developed to 

predict quantities such as the expected life and expected 

failure rate, given some tests or failure data for system 

and/or its components. Based on these predictions, the 

expected life and expected failure rate might be leading to 

required design life of a system.  

Structural systems, in contrast to mechanical 

systems, do not tend to deteriorate, except by the 

mechanics of corrosion and fatigue, and in some cases 

might even get stronger, for instance: the strength of 

concrete increases with time and the strength of soil 

increases as a result of consolidation, but the problem is 

not lack of information for structural sys tems and their 

components regarding the time to failure, since they 

generally do not fail in service. The problem is of a 

different nature, Pendones (1991). 

Structural systems and structural components fail when 

they meet an extreme load, or when a combination of 

loads causes an extreme load impact of considerable 

magnitude for a structure to reach failure state; this might 

be an ultimate or a serviceability condition. Therefore, 

the first consideration is to predict the magnitude of these 

extreme events, and the second is to predict the strength 

or load deflection characteristics of each structural 

component from the information available at the design 

stage. Likewise, it is important to come up with 

probabilistic models for the two parts of the problem 

which include first, all the uncertainties affecting the 

loading and second, all uncertainties affecting the 

strength or resistance of the structures, Thoft-Christensen 

and Baker (1982).  

The goal of reliability analysis is to quantify how 

uncertainty in the parameters of the fatigue propagation 

law proposed by Slowik at el (1996) affects the prediction 

of the reliability. Knowing which parameter has more 

influence in the probability of failure of the structure and 

assessing which variables need extra research and 

attention, may help designers establish priorities for 

design stages. 

 

A.  Reliability Analysis Of The Fatigue Crack Growth 

The limit state function used in this work is based on 

exceeding 50 mm of effective crack length, which is the 

length of which the large specimen (G05) fails. This 

happens when the number of load cycles is about 3600. It 

is assumed that the failure will occur if the length exceeds 

this specific length, and this is based on the obtained 

results from figure (5). The observation from the obtained 

results is that the effective crack lengths are growing 

when the number of load cycles increases from 300 load 

cycles to 3960 load cycles. At load cycle 3600 in 

particular, noting that the effective crack length is rapidly 

increasing because of a spike of loading from 50 kN to 62 

kN. Therefore, there are sudden increases in maximum, 

range and history stress intensity factors, which are 

controlled by the second part of equation (1) or equation 

(4). This gives a clue that equation (4) has more influence 

than first part of equation (1) on fatigue crack growth. 

 

The limit state function for exceeding the critical 

crack length is expressed as: 

 

g = 50 − [C(
KImax
m ΔKI

n

(KIC − KIsup ⁡)
P
)+ (

∆KI

KIC

) ∆a] ∗ N⁡(8) 

 

Where 50 mm is the assumed upper limit of the effective 

crack length of the large specimen (G05), N is the 

number of load cycle. 

B. Analysis Of Suggested Statistical Data 

Due to lack of statistical data, coefficient of variation 

(COV) equal to 0.1 for input parameters shown in table 

(4) was assumed for this study. Also, the assumption of 

using log-normal distribution for input parameters shown 

in table (4) was taken into account.  

To check if the assumptions made are reasonable, 

Monte Carlo Simulation conducted for 1000 iterations. 
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The mean values of input parameters shown in table (4) 

were taken from table (1). Table (5) shows the mean 

values, standard deviations, and coefficients of variation 

of the effective crack lengths (da) obtained from Monte 

Carlo Simulation. These values were checked of using 

log-normal distribution in term of what is the best 

distribution fitting for them and that comes from the 

option of the best fit in Monte Carlo Simulation. 

 
 

TABLE 4. Input parameters in equations (1) and (4) 
 

Variable Description 

a0 Initial crack length 

a Crack length 

Pmin Minimum applied load 

Pmax Maximum applied load 

Psup Maximum historical applied load ever reach 

KIC Fracture toughness 

C Crack growth 

 
 

TABLE 5.The values obtained from Monte Carlo Simulation  

 

N μda Σda COVda 2.5% 97.5% 

300 0.260254 N/A N/A 0 0 

600 1.024586 1.7356 1.69 -2.16 4.84 

900 2.305565 2.7029 1.17 -3.05 8.12 

1200 4.118661 3.8688 0.94 -3.16 12.38 

1500 6.482386 5.1782 0.8 -1.93 17.61 

1800 9.418445 6.25 0.66 -1.7 22.6 

2100 12.95192 7.8194 0.6 -0.11 29.68 

2400 17.11144 9.3351 0.55 0.9 39.2 

2700 21.92947 11.1336 0.51 2.9 46.7 

3000 27.44248 12.7139 0.46 6.3 57.5 

3300 33.6913 15.8606 0.47 8.7 70.2 

3600 50.64579 23.4051 0.46 15.8 107.2 

3900 48.88851 21.2772 0.44 15.8 105.6 

3960 54.3848 23.3359 0.43 20.8 109.6 

VII. EXAMPLE RUN USING COMREL-TI 8.10 

SOFTWARE AND ASSUMED DATA 

To evaluate which output data has important effects on 

fatigue crack growth, the First Order Reliability Method 

(FORM) is used to estimate the probability of exceeding 

the limit state function described in equation (8) for a 

particular load cycle when N = 3000 cycles. The 

characteristics of the parameters used in the limit state 

function are listed in Table (4). Computations were done 

using Structural Reliability Software called COMREL –

TI 8.10 developed by Reliability Consulting Programs 

(RCP). The statistical information shown in Table (5) for 

the input random parameters described in table (4) 

inserted in COMREL –TI 8.10 software. The results 

obtained from the software for this example are that the 

probability (Pf ) of exceeding the limit state function (50 

mm) described in equation (8) Pf = 4.95x10-2 which 

corresponds to reliability index, β =1.65 and  sensitivity 

factors (α) are shown in figure (6). 

 

Figure 6. Importance factors 

From the analysis of the sensitivity factors in this 

example, it is observed that the parameter (∆a) has the 

most influence on reliability index, the parameters KIC 

and ∆KI have very little influences, and the parameters 

KImax, KIsup, and C do not have any influences on 

reliability index. 

 

TABLE 6.The parameters used in the sample runs 
 

Variable Description Value 

a0 Initial crack length 230 mm 

A Crack length 330 mm 

B Specimen width 400 mm 

D Specimen depth 900 mm 

Pmin Minimum applied load 0 kN 

Pmax Maximum applied load 50 kN 

Psup 
Maximum historical 

applied load ever reach 
75 kN 

Α Relative crack depth 0.367 

f(α) 
Function of specimen 

geometry 
1.021 

KImax 
Maximum stress 

intensity factor in a 
cycle 

0.135 MN/m3/2 

KIsup 

Maximum stress 
intensity factor ever 

reach in past specimen 

load history 

0.202 MN/m3/2 

KIover 
Maximum stress 

intensity factor due to 
overload 

0.135 MN/m3/2 

KInormal 

Maximum stress 

intensity factor due to 
normal load 

0 MN/m3/2 
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∆KI 
Stress intensity factor 

range 
0.135 MN/m3/2 

KIC Fracture toughness 1.48 MN/m3/2 

C Crack growth 
3.2x10-2 
mm/cycle 

F 
Function of sudden 

increase 
9x10-3mm 

∆a Changing Length 100 mm 

N Number of load cycles 3000 cycle 

m,n&p Empirical constants 2,1.1&0.7 

 

 
 

TABLE 7. Random variable used in the reliability analysis in the 

sample runs 
 

Variable Distribution 
Coefficient of 

variation 

∆a Log-normal 0.4 

KIC Log-normal 0.1 

∆KI Log-normal 0.1 

C Log-normal 0.1 

KImax Log-normal 0.1 

KIsup Log-normal 0.1 

M Constant  - 

N Constant  - 

P Constant  - 

 

VIII. CONCLUSION 

In this study, statistical information is suggested for 

predicting the fatigue life of a plain concrete specimen 

considering fatigue crack propagation law proposed by 

Slowik et al. (1996). The output parameters which drive 

the fatigue process such as, crack growth rate, stress 

intensity factor range, fracture toughness, maximum 

stress intensity factor, and crack length range are 

considered as random variables. The reliability index is 

computed using COMREL-TI 8.1 software. It is seen 

from the case study that the reliability depends on crack 

length range, stress intensity factor range, and fracture 

toughness. Therefore, the fatigue crack propagation law 

needs to take into account the effect of both the initial 

crack length and the increment of crack length for 

accurate life prediction analysis of the plain concrete 

specimen.  

A sensitivity analysis is performed to determine the 

predominant factor amongst the input parameters which 

influences the fatigue reliability prediction. It is observed 

that the reliability is more sensitive to the crack length 

range, followed by fracture toughness and stress intensity 

factor range. Beside this, the reliability computation was 

repeated for different values of coefficient of variation of 

the most sensitive factor, the crack length range, and 

other parameters are constant in term of coefficient of 

variation. The results show that the crack length range is 

the most influence parameter in most cases for safe 

fatigue life computations. 
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APPENDIX 

Table A. Loading histories and experimental results for small specimens, Slowik et al. (1996)  

 
Loading  Specimen K06 K08 K10 K12 K13 K14 K15 K17 K18 

Period Frequency, Hz 3 3 3 3 3 3 3 3 3 

  Initial compliance, µm/kN 41.5 42.6 44.9 40.06 32 36.67 33.94 37.65 36.77 

  Cycles 540 1* 1* 900 360 180 360 5000 1* 

  Lower load, kN 0.55 0 0 0.2 1.1 0.2 0.2 0.5 0.5 

1 Upper load, kN 1.65 2 1.5 1.2 2.1 1.2 1.5 1.5 2.6 

  Spike, kN — 2 1.5 — — — — — 2.6 

  Equivalent crack, mm 0 13 14.7 0 2.5 0 0 1.3 14.2 

  Cycles 900 100 180 900 540 720 540 5000 180 

  Lower load, kN 0.55 1.4 0.9 0.5 1.1 0.2 0.2 0.5 0.5 

2 Upper load, kN 1.65 2.45 2 1.5 2.1 1.2 1.5 1.5 2.1 

  Spike, kN — — — — — — — — — 

  Equivalent crack, mm 1.3 Fail 16.7 1.3 3 0 2.8 1.3 15 

  Cycles 1800   450 1* 360 900 360 1* 180 

  Lower load, kN 0.55   0.9 0 0.8 0.5 0.5 1.5 0.5 

3 Upper load, kN 1.65   2 1.5 1.8 1.5 1.8 2.6 2.1 

  Spike, kN —   — 1.5 — — — 2.6 — 

  Equivalent crack, mm 1.8   Fail 1.8 3.6 0 3.8 51.3 16.5 

  Cycles 1800     360 540 900 540 180 270 

  Lower load, kN 0.55     0.8 0.8 0.8 0.5 0.3 0.5 

4 Upper load, kN 1.65     1.8 1.8 1.8 1.8 0.85 2.1 

  Spike, kN —     — — — — — — 

  Equivalent crack, mm 1.8     3 4.8 2.8 5.1 51.8 18.8 

  Cycles 3600     540 900 180 360 720 180 

  Lower load, kN 0.55     0.8 0.5 1.1 0.8 0.3 0.5 

5 Upper load, kN 1.65     1.8 1.5 2.1 2.1 0.85 2.1 

  Spike, kN —     — — — — — — 

  Equivalent crack, mm 1.8     3.6 4.8 3.6 11.4 52.1 19.3 

  Cycles 1800     360 900 540 540 360 90 

  Lower load, kN 0.55     1.1 0.2 1.1 0.8 0.6 0.5 

6 Upper load, kN 1.65     2.1 1.2 2.1 2.1 1.15 2.1 

  Spike, kN —     — — — — — — 

  Equivalent crack, mm 2.3     9.1 5.6 3.8 13 58.9 20.8 

  Cycles 1*     1* 360 360 180 540 30 

  Lower load, kN 0     0 1.4 1.4 1.1 0.6 0.8 

7 Upper load, kN 2.37     2.2 2.4 2.4 2.4 1.15 2.4 

  Spike, kN 2.37     2.2 — — — — — 

  Equivalent crack, mm 47.5     10.7 7.9 7.6 30.2 65.5 26.6 

  Cycles 180     540 540 540 90 66 66 

  Lower load, kN 0.31     1.1 1.4 1.4 1.1 0.9 0.8 

8 Upper load, kN 1.12     2.1 2.4 2.4 2.4 1.45 2.4 

  Spike, kN —     — — — — — — 

  Equivalent crack, mm 52.1     11.4 9.4 10.9 36.6 75.9 33.8 

  Cycles 900     360 540 540 27 10 15 

  Lower load, kN 0.31     1.4 1.4 1.4 1.1 0.9 0.8 

9 Upper load, kN 1.12     2.4 2.4 2.4 2.4 1.45 2.4 

  Spike, kN —     — — — — — — 

  Equivalent crack, mm 52.1     22.9 10.4 17 Fail Fail Fail 

  Cycles 360     348 180 30       

  Lower load, kN 0.31     1.4 1.7 1.7       

10 Upper load, kN 1.12     2.4 2.7 2.7       

  Spike, kN —     — —         

  Equivalent crack, mm 66     Fail 16.3 Fail       

*Single spike 
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Table B. Loading histories and experimental results for large specimens, Slowik et al. (1996)  

 
Loading  Specimen G05 G06 G07 G08 G10 G11 G12 G13 G15 

Period Frequency, Hz 3 3 3 3 3 3 3 10 3 

  Spike Frequency 5 5 5 5 5   5   5 

  Initial compliance, µm/kN 1.99 1.8 2.04 1.84 1.97 1.96 1.8 1.89 1.79 

  Cycles 1800 900 900 900 180 900 15 900 900 

  Lower load, kN 0 0 0 0 0 0 0 0 0 

1 Upper load, kN 50 50 50 50 50 50 50 50 50 

  Spike, kN — — — — — — — — — 

  Equivalent crack, mm 22.9 8.4 8.2 8.4 1.5 3 nm 6.4 5.1 

  Cycles 1800 900 900 900 1620 2* 1* 900 900 

  Lower load, kN 0 0 0 0 0 25 0 0 0 

2 Upper load, kN 50 50 50 50 50 70 125 50 50 

  Spike, kN 62 — — 75 — 70 125 — — 

 Equivalent crack, mm 53.3 8.9 10.2 34.3 2.5 3.6 nm 9.6 5.1 

  Cycles 360 900 900 45 1800 1* 3* 900 900 

  Lower load, kN 25 25 25 25 -10 25 0 25 25 

3 Upper load, kN 75 75 75 75 50 117 50 75 75 

  Spike, kN — — — — — 117 — — — 

  Equivalent crack, mm Fail 27.9 34.3 nm 3.6 44.7 40.6 91.2 36.1 

  Cycles   900 900 90 180 1* 180 430 900 

  Lower load, kN   25 25 25 25 25 0 25 25 

4 Upper load, kN   75 75 75 75 95 50 75 75 

  Spike, kN   — — 100 — 95 — — — 

  Equivalent crack, mm   34.3 53.3 55.9 25.4 nm 43.2 Fail 42.7 

  Cycles   1* 540 45 720 1* 75   270 

  Lower load, kN   0 60 25 25 25 0   60 

5 Upper load, kN   102 90 75 75 123 50   90 

  Spike, kN   102 — — — 123 —   — 

  Equivalent crack, mm   nm 76.2 nm 38.1 117 nm   117" 

  Cycles   540 180 90 900 900 7     

  Lower load, kN   60 60 25 0 0 0     

6 Upper load, kN   90 90 75 50 50 50     

  Spike, kN   — — 100 — — 125     

  Equivalent crack, mm   76.2 nm 97.8 38.1 127 Fail     

  Cycles   540 180 90 60 180       

  Lower load, kN   60 60 25 25 25       

7 Upper load, kN   90 90 75 75 75       

  Spike, kN   — 97.2 — — —       

  Equivalent crack, mm   77.5 120.6 nm nm 134.1       

  Cycles   135 180 39 180 630       

  Lower load, kN   50 60 25 25 25       

8 Upper load, kN   100 90 75 75 75       

  Spike, kN   — — 110 92 —       

  Equivalent crack, mm   Fail nm Fail 53.85 Fail       

  Cycles     5   60         

  Lower load, kN     60   25         

9 Upper load, kN     90   75         

  Spike, kN     105   —         

  Equivalent crack, mm     Fail   nm         

  Cycles         70         

  Lower load, kN         25         

10 Upper load, kN         75         

  Spike, kN         110         

  Equivalent crack, mm         Fail         

 *Single spike 
  "Failed during compliance measurement                                    ˜Spike frequency=50, nm = not measured. 


