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Abstract - This work focuses on describing the dynamic
behavior of distributed parameter systems by means of
spatial discretization. In control and system theory
literature, distributed parameter systems are simply the
systems that are represented mathematically by partial
differential equations. Thus, the key notion of this work is
representing the dynamic behavior of distributed parameter
systems by means of spatial discretization of the dynamics of
the system. Spatial discretization, or lumping, aims to
transform a partial differential equation to a set of ordinary
differential equations. The proposed concept approximates
the dynamic behavior of the physical system by lumping it
to small tranches and then using the finite differences
method to interconnect formally these lumps and simulates
the dynamic of the overall system.

Index Terms - Dynamic of distributed parameter systems,
lumping and discretization, simulation, finite differences.

I.INTRODUCTION

The description of the dynamic behavior of many
problems that appears in engineering, physics, chemistry,
electricity or industrial process generally leads to
mathematical models contains systems of Partial
Differential Equations (PDEs) [1, 2, 3, 4, 5]. In control
and system theory literature, such systems are called
distributed parameter systems or infinite dimensional
systems, contrasted to localized parameter systems or
finite dimensional systems which generally modeled by
ordinary differential equations. Therefore, mathematical
modeling, analysis, simulation and control of distributed
parameter systems has an accordingly many traditions
and studies varies from theoretical to applied, numerical,
methods [1, 3, 5, 6].

The purpose of this work is to practically represent and
approximate the dynamic behavior of distributed
parameter systems by means of lumping the system and
representing it as small parts, see also [6, 7]. Considering
each lump as a localized parameter system and then
expressing the relations and interconnections between all
these parts will lead to a system of ordinary differential
equations.
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Solving the lumped system will approximates and
gives the solution of the original system’s model; partial
differential equations (PDEs). Transforming the system
from infinite dimensional to finite dimensional will
enable us to resolve the system using conventional
numerical methods and simplifies the system analysis,
simulation and control.

A particular case of distributed parameter systems is
the gas transportation process which generally led by two
physical phenomena; convention and diffusion. The
manipulation of the transportation process in one
dimensional spatial domain is taken as an example in this
work and also simulation results are presented, see also
[2, 3, 5].

In brief, presenting a theoretical and practical results
about modeling and simulation of distributed parameter
systems is the major aim of this work.

A. Distributed parameter systems

The term distributed parameter systems comes from
the fact that the state variables of the modeled system are
distributed and defined overall a spatial domain Q, of the

space R" (forn=1,2,3), in which occurs the phenomena

modeled by partial differential equations. Consequently,
all the state variables of the system are functions of time
() and space (Q2). As we mentioned earlier, the
description of the dynamic behavior of many problems
that appears in engineering applications, physics,
chemistry, electricity or industrial process generally leads
to mathematical models contains systems of Partial
Differential Equations (PDEs). Therefore, studying these
models is of major interest of so many engineering
applications.

Boundary, dQ, relating the domain to the
surrounding environment
kA /

Three dimensional spatial domain Q, where the
physical parameters are defined.

yA

Figure 1. A spatial domain Q, with its boundary 6Q granting the
connection with the external environment.
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Considering the spatial domain Q shown in Figure. 1,
the boundaries of the spatial domain Q are mentioned by
0Q. The variables of the modeled phenomena are defined
on Q and it can be connected with external sources or
other physical phenomena through the boundaries 6Q. In
brief, the system can interact with its surrounding
environment through its boundaries 6Q and normally the
conditions of the variables at the boundaries 6Q will have
an effect on the dynamic behavior of the variables in the
domain Q.

B. Mass transfer phenomena

One of the most well-known distributed parameter
phenomenon described by partial differential equations is
the mass transfer phenomenon [2, 8]. Considering a gas
mixture of k species flows in the spatial domain Q, the
mathematical model describing the dynamics of this
system on overall the spatial domain Q is given for each
spices as [2]:

6(? = div(F) (1)

where C, is the molar concentration of the species I and

Fi is the molar flow of the species i [2]. In such

processes, the molar flow is generally driven by two
phenomena; it is composed of a convective flow F; and

diffusive flow Fy;. Hence, the molar flow of species i
can be represented as :

F=F; +Fp @

For simplifying the mathematical manipulations of the
model, let us consider a symmetry of the physical
variables according to the coordinate axes y and z and
consider only the changes related to the coordinate x.
Therefore, the convective molar flow of the species i can
be given as :

F.,=—VC, @)

where V is the velocity that drive the convective term
according to the coordinate x. The diffusive molar flow of
the species i can be given as :

F.-p % (4)
OX

where D, is the diffusion parameter representing the

resistance term and characterizing the diffusive term of
the flow. Substituting eq. (3) and eq. (4) in eq. (2) yields :

F. =-VvC, +D, o (5)
OX
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and then substituting eq.(5) in eq. (1) yields :

2
__ G 9

(6)
ot X "ox?

Recalling the assumption of symmetry according to the
coordinates y and z, and considering the boundary
conditions at the two edges of the coordinate x, see also
[2, 8], the mathematical model of the system can be
represented as :

{aci oc, _ o%C,
Model { —+=—V + D

ot ox  oxt
()

(Di s _Vcij =GV,
Boundary OX x=0
conditions oC.

(5]
oX ).,
where C, v, = F, is the molar flux of the spices i at the

input boundary of the system. From the model given in
eq. (7), it is clear that the system is described by a set of
partial differential equations and its variables are define

on the spatial domain Q reduced to R! and with a
coordinates axis X, with X varies from Oto L .

I1. CONCEPT OF LUMMPING

The main idea behind the lumping is to approximate
the spatial domain as a sum of n smaller parts, or
tranches, see Fig. 2. As a direct consequence, the
variables of the distributed parameter system will be
approximated by lumped ones defined on each part, or
tranche. Variables in each tranche are intended to interact
with its equivalent variables in the neighbor tranches.
This interaction can take place through the boundaries of
the tranche, and it can represent and approximate the
dynamic on the specified tranche. Finally, the overall
dynamic of the distributed parameter system can be
approximated by considering the dynamic of all tranches.

Lump Boundary Lump boundary

ata atb

Physical variables 0

granting the connection —_—
with subsequently lump

Infinitesimal lump
defined on the
spatial domain

Physical variables
—T——~granting the connection
with next lump

The overall

spatial domain 123" sl s oo ||a|n

i

0 a b L

Figure 2. Concept of a lumped distributed parameter system.

As shown in Figure. 2, the spatial domain is lumped to
n tranches with width h, consequently h=(L/n). This
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lumping approach, Figure. 2, is also often used in system
and control engineering practice, where the distributed
parameter systems are approximated by lumped ones.
Consequently, the control community has made many
efforts to extend certain concepts known from finite-
dimensional control theory to the distributed parameter
case [1, 3,6, 7].

1. MATHEMATICAL BASIS

According to the mathematical model and its related
boundary conditions given in eq. (7), the first step
towards a finite dimensional model is to discretize the
partial derivatives according to the spatial variable x.
This can be achieved using the method of finite
differences. The finite difference discretization scheme is
one of the simplest forms of discretizing and representing
the spatial derivatives. The derivatives of the partial
differential equation are approximated by linear
combinations of function values at the different parts, or
tranches, of the spatial domain. Arbitrary order
approximations can be derived from a Taylor series
expansion, and according to the model of eq. (7) the first
and second derivatives can be given as :

[8Cij _ (Ci)j_(Ci)j—l ®)

oX ), h

(62(5} _ (Ci)j+1_2(C2i)j+(Ci)jfl 9)
OX J_ h

where (j=1.2,...... ,n) is the tranches index.

According to the expressions of eq. (7), the dynamics
related to the convection phenomenon can be expressed
as:

C.=A.C+B.C, (10)
Where the convection matrix A. is given as:

1 0 0 0 ... 00
-1 1 0 0 ... 00
0O -1 10 .... 00

-V (11)
A= s 0O 0 -1 1 ... 00
0O 0 0 0 ... 10
0O 0 0 0 ... -1 1

and the input matrix B, related to the convection
phenomenon is given as:
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(12)

In the same way, the dynamics related to the diffusion

phenomenon can be expressed as :

CD :ADC+ BDCin

Where the convection matrix A; is given as:

(i) o

-2

0

1

1
-2
1
0

0 O
1 0
-2 1
1 -2
0 O
0 O

(13)
0
0
O (14
0 (14)
1
0

and the input matrix B, related to the diffusion
phenomenon is given as:

O O O

0
0

Consequently,

(15)

and by combining the eg. (10) and eq.
(13) to represent the complete dynamics of the system.
The set of differential equations representing the finite
dimensional model can be given as:

¢ =AC+ BC,

With A= A+ ADand B=B.+B,. Therefore

vih - (2D,/h?)
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D/h? - vih
0
0
0

o o oo

Dh
v/h-(2D,/h?
D/h? - v/l

2

)
h
0
0

oo oo -

0

D/h?
vih-(2D,/h?)
D/h? -vih

0

oo oo -

0 .
0 .

D/h* .

vih-(2D,/h?) .
D/h?-vih .

0
0 .
0
0

- ooooo

D/h?
vih - (2D,/h?)

- oo o oo

0
D/h?

(16)

- © 0 oo o

(17)

D/h?-v/h vih-(2D,/h?) D/h?

0

-vih
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and
D/h? - v/h
0
0
18
B= 0 (18)

where A is the overall system matrix and B is the overall
input matrix.

IV. SIMULATION RESULTS

In order to simulate the distributed parameter system
defined in eq. (7) with taking in consideration its related
boundary conditions. The spatial domain, on which the
system is defined, is discretized in ten equal lumps,
n=10 in Fig. 2. The discretized model, infinite
dimensional model, will take the form defined by eq. (16)
where the system matrix Awill be a (10x10) matrix and
the input matrix B is (10x1) matrix. Considering the
physical parameters given in [8], where L =0.5(m),
v=0.02(m/s), D, =2.8x107° (m*/s). Consequently,
h=L/n=0.05(m) . According to these physical
parameters, the system matrices will be :

038 001 O 0O 0O 0 0 0 0 0
039 038 001 0 0 0 0 0 0 0
0 -03 03 000 0 0 0 0 0 0
o 0 -03 03 000 0 0 0 0 0
A 0 0 003 03 000 0 0 0 0
o o o o0 -03 o03 o0t o o of (19
o 0o 0 0 0 -03 038 00l 0 O
o 0o 0 0 0 0 -039 038 001 O
o 0o 0 0 0 0 0 -035 038 00
o o 0o 0 0 0 0 0 -04 04
and
~039
B-= (20)

O O O 0O oo o o o

The simulated experiment is the response of a
transportation column to a steam of a gaseous oxygen;
O,. The process is considered to be initially at

equilibrium for a very low concentration of O, all along

the profile (which means in each tranche in the simulated
column). At (t=0), a step change of a high

concentration of O,is given at the input of the

transportation column. The simulation have been taken
www.ijeit.misuratau.edu.ly
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for 50 seconds and the results are given in Fig. 3. Fig. 3
shows clearly the concentration profile in the ten parts,
tranches, of the spatial domain representing the
transportation column. Note that, the first curve represent
the concentration in the first tranche, the second for the
second tranche and so on.

Caoncentration profiles in the tube

i
25 30
time

Figure 3. Simulation results.

V.CONCLUSION

This paper discussed the representation of the dynamic
behavior of distributed parameter systems and focuses on
lumping the spatial domain on which the system is
defined to several parts, also called tranches. In order to
illustrate the concept, a model of transportation column
has been derived from the two main physical phenomena
related to the transportation process; the diffusion and the
convection. After discretizing and lumping the spatial
domain, all the spatial derivatives have been
approximated by means of Taylor expansion. The first
consequence of the lumping approach is the
transformation of the infinite dimensional model to a
finite n-dimensional model. The lumped model is finally
simulated. The methodology presented exhibits some
interesting features of transforming the infinite
dimensional distributed parameter model to a finite
dimensional model, and the Taylor expansion conserves
the linear properties of the spatial derivatives.
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