IJEIT ON ENGINEERING AND INFORMATION TECHNOLOGY, VOL.8, NO. 2, June 2022 56

The Intemational Journal of Engineering and
Information Technology

journal homepage:www.ijeit. misuratau.edu.ly

Design of Lead, Lag and Lead-Lag Compensators
Based on Frequency Response Approach

F. Jalgham
Control Engineering Department
College of Electronic Technology
Bani walid, Libya
fatma.jalgham1l@gmail.com

Abstract—In the control systems, the compensators are widely
used to improve system dynamics, characteristics of the open
loop system and the stability. The degree of convergence of the
output waveform for any compensator depends upon the
proper selection and tuning of the compensator. The dynamic
structure and the control properties of lead, lag and lead-lag
compensators are presented in this work. A simple method
based on the frequency domain is adopted to design the three
different compensators. The parameters which have effect on
each compensator performance were studied and explained
how to choose them to achieve the optimal performance. The
compensator algorithms are implemented with MATLAB
simulation in order to control the DC motor motion. The results
and the comparative analysis confirm the effectiveness of the
proposed three compensators and improve the system
response.

Index Terms—Bode diagram, DC motor, Lag compensator,
Lead compensator, Lead-lag compensator.

. INTRODUCTION

he main task is to design a suitable controller that gives

the required performance specifications such as rise
time, settling time, maximum overshoot, gain margin, and
phase margin. For this purpose, the well-known classical
controller structures, namely P, PI, PID [1-2]. For greater
accuracy of a system, steady state error should be small, but
to reduce the steady state error the gain of the amplifier must
be increased, overshoot will also increase and stability will
decrease. However, there are interested in both accuracy and
stability which can be done by connecting a circuit between
error detector and plant, known as compensation [3].

The Compensators are corrective sub-systems introduced
into the system to compensate for the deficiency in the
performance of the plant. Therefore, given a plant and a set
into the system to compensate for the deficiency in the
performance of the plant. Therefore, given a plant and a set
of specifications, suitable compensators can be designed, so
that the overall system will meet the given specification [4].
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The lead and lag compensators are the most commonly
utilized control architectures for designing control systems
with the root locus (time domain) or bode (frequency
domain) compensation method used. In [5], the cascade or
series compensation is stated as the most popular method in
the control system design. The design and implementation of
the lead and lag compensators have been studied in [6-9].
These compensators have positive effects on different parts
of the system performance. It can be summarized as lead
compensator doesn’t affect the steady state response while
improving the transient response, and a lag compensator
improves the steady state response and however slowing
down the transient response. Therefore, using the two
together is considered as a solution to improve the system
transient and steady state responses [10]. A lead-lag
compensator combines the advantages of both the lead and
lag compensators [11]. The lead-lag compensator is used
when both fast response and accuracy are required. By use
of this compensator, the low-frequency gain can be increased
which means an improvement in steady-state accuracy, and
the system bandwidth and stability margins can be increased
[12]. If the compensator is added, a bode diagram of the
compensator can be simply added to the original bode
diagram, and thus plotting the complete bode diagram is a
simple matter. In addition, if the open-loop gain is varied,
the magnitude curve shifted up or down without changing
the slope of the curve, and the phase curve remains the same.
For design purposes, therefore, it is simple to work with the
bode diagram [12]. The design process of the lead-lag
compensator has been introduced in [13-19]. A comparative
analysis of lead, lag, lead-lag compensators with other
different control techniques is studied in [20-22].

The work described in this paper focuses on the
comparative analysis of lead, lag and lead-lag compensators
and their design process. The design process is performed by
applying the principles of the bode technique, using
MATLAB simulation. This paper is organized as follows:
section Il presents the scheme of control system with cascade
compensation. Section 111 describes the overall of the lead,
lag and lead-lag compensators. Section IV shows the
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mathematical model of the simulation system which consists
of a DC motor driving a rotational mechanical load. Section
V illustrates the procedure of the proposed design method of
the three different compensators. Section VI shows the
simulation results and the comparative analysis which has
been carried out on the basis of different parameters such as
rise time, overshoot, and settling time. Finally, Section VII
concludes the paper.

Il. CLOSED LoorP CONTROL SYSTEM VIA CASCADE
COMPENSATION

Fig. 1 shows the block diagram for designing the closed
loop feedback system with lead, lag and lead-lag
compensators using series connection. This design will be
used to improve the Response of the DC motor driving a
rotational mechanical load, which used as a plant in this

paper.

Cascade Original

compensator controller Plant

Ris) _:O—/ Gc (5} —_— Gﬂm.” (S:} Gplanr— (S) f)’

Figure. 1: Closed loop control system with cascade compensator

I1l. LEAD, LAG AND LEAD-LAG COMPENSATORS

In phase lead compensation, alters the frequency response
by adding a positive (leading) phase angle and, therefore,
increases the phase margin at the crossover (0dB) frequency.
Referring to the passive lead network of Fig. 2, its transfer
function is given by [3]:

1
1+asT: S*tar{
Gleaa (s) = 1+sT11 =a ( s+ai1) (1)
T1
where
_ RiRy
n= Ry+Ry ¢ @)
=B and a>1 ®3)
Ry
R,
M ""I '.'.
|_"l.,-' (TAY
+ { +
i) C R, h:“' vl

Figure. 2: Passive circuit of lead compensator

Note that the gain of « in Eq. (1) was added to eliminate an
attenuation in the compensator's output. Furthermore, the
transfer function has pole at s = —1/T; and zero ats =
—1/(aT;). This means the zero will be nearer to the origin
in s-plane.

For phase lag compensation, the gain crossover frequency
shifts to a lower value and, therefore, the bandwidth
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decreases and the response speed reduces, but the state error
improves. Fig. 3 illustrates the passive lag compensator
circuit.

3

Figure. 3: Passive circuit of lag compensator

The transfer function can be written as [3]:

1
_ 14+fTes _ Ster,
Glag(s)_ 14Tys _ﬁ(s+% (4)
where
T, j (R1 +R,)C (%)
= R1+2R2 and g <1 (6)

From Eg. (4), the transfer function has pole at s = —1/T,
and zero ats = —1/(BT,). This means the pole is closer to
the origin in s-plane.

The passive circuit of lead-lag compensation is shown in
Fig. 4.

Figure. 4: Passive circuit of lead-lag compensator

This circuit looks like both compensators are cascaded.
Therefore, the transfer function will be the product of
transfer functions of Eqs (1) and (4) as following [3]:

S+; 5+L
Glagleaa(s) = ap (ﬁ) (ﬁ) %

Ty T,

where

aTl = R1C1 (8)
fTa = Raly ©)
T1T2 = R1R2C1C2 (10)
ap =1 (11)
The first term in parentheses produces the lead

compensation, and the second term in parentheses produces
the lag compensation [10].
IV. SYSTEM MODEL AND DESCRIPTION

In order to investigate the proposed technique to design
the three different compensators, a hybrid system of
electrical and mechanical variables as shown in Fig. 5, are
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used. This system consists of a DC motor driving a rotational
mechanical load with gears.

ol
ficld

D,

Figure.5: DC motor driving a rotational mechanical load

The desired transfer function between the output
displacement 6,,,(s) and input voltage E,(s) is found to be:
Om(s) Kt/(RaJm)
= 12
Eq(s) s[s+ﬁ(Dm+K£—I;b)] (12)
and
N 2
Jm=Ja+1. () (13)
N 2
Dy = Do+ D, () (14)

where Kj, is a back emf constant, K, is a motor torque
constant, D, is a motor damping, D,, is the equivalent
damping at the motor side, D, is a load damping, J, is a
motor inertia, J,, is the equivalent inertia at the motor side,
J, is a load inertia, N,: N, is the gear ratio, R, is a armature
resistance. Consider the following values for the physical
parameters:

Table 1: System Physical Parameters

Parameter Value
K, 1Vs/rad
K, 10 Nm
D, 2 Nms/rad
D, 800 Nms/rad
Ja 5 kgm?
JL 500 kgm?

N;: N, 1:10

R, 10

The system transfer function becomes:

_ () 1
G(S) - Eq(s) - s(s+2) (15)
This transfer function is a second-order system of type 1, and
the relationship between phase margin and percent overshoot
as well as the relationship between closed-loop bandwidth
and other time-domain specifications were derived [11].

V. DESIGN PROCEGURES

The design procedures for the three different
compensators, based on the frequency response approach,
are stated as follows [11]:

1) Set the DC gain of the uncompensated system to meet
the steady state error requirement.

www.ijeit.misuratau.edu.ly

ISSN 2410-4256

2) Draw the bode diagram for the uncompensated system
and determine the current phase margin.

3) Calculate the phase margin (¢..,) required to meet the
damping ratio (¢) as follows:

¢Teq = tan™" —= (16)

[—2c2+yimage

4) Determine the closed loop bandwidth (wg,,) required to
meet the transient performance requirement, such as
settling time (t,) or peak time (t,), using the equation
given below:

wBW=wn\/(1—2(2)+w/4(4—4(2+2 17)

where w,, is a natural frequency and can be computed
by:

_ 4 _ T
n = o T i
5) Select a new phase margin frequency (wye,) that is
slightly less than the bandwidth. At this frequency,

determine the available phase-margin (¢, )-
6) With adding some phase margin (&) which is known as
amargin of safety, the maximum phase margin (¢,,) can

be determined by:

¢m = d)req - d)ﬂ)new +e (19)

7) Determine g value from the following equation:

(18)

_ 1-singp
ﬁ - 1+singm (20)
8) For the lag compensator in Eq (4), use the equation
given below to find the parameter value of T:

10

T; = (21)

Bwnew

9) For the lead compensator in Eqg. (1), calculate the
parameters a and T; values as follows:

a= % (22)
=2 (23)

10) To obtain the transfer functions of the lead, lag and lead-
lag compensators, substitute the calculated values of «,
B, T, and T, in Egs. (1) (4) and (7). Simulate the
compensated system and repeat the design as necessary.

V1. SIMULATION AND RESULTS

The proposed compensators in this paper has been
validated on simulation environment. The MATLAB
programming was used to implement the transfer function of
the system, design the compensators, and study the design
effectiveness on the system response. The presented system
here consists of DC motor driven mechanical load and
operational amplifier. The open loop transfer function of the
uncompensated system is:
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__ Kk
s(s+2)(s+20)

Gsys (s) = (24)

where K is the amplifier gain. The designed system should
achieve the following specifications:

Table 2: Design Specifications

Parameter Value

Static velocity error constant (K,,) 37.50
Peak time (t,) <2.00s
Overshoot (os) 15.00 %

Based on the given velocity error constant in Table 2, The K
value was determined and found to be:

K = 1500 (25)

Therefore, the transfer function of uncompensated system in
Eqg. (24) becomes:

1500

Goys(s) = s(s+2)(s+20) (26)

The bode diagram of the uncompensated open loop
system with adjusted gain is presented in Fig. 6. Note that
the closed loop of uncompensated system is unstable.

Bode Diagram
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Figure. 6: Bode diagram for uncompensated systems
The other parameter values that are necessary to achieve
the design, and meet the desired requirements, were
calculated and illustrated in Table 3.

Table 3: Details of design parameters

Parameter Value
4 0.5170
Wpw 6.4739 rad/s
Preq 53.1718°
Do 6.60°
bm 51.5718°
T, 0.0673 s
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T, 15.9007 s
a 8.2346
B 0.1214

From these values, the transfer functions of designed
compensators will be in the following forms:

_ (s+1.8050)
Greaa(s) = 8.2346 o220 @7)
_ (s+0.5179)
Giag(s) = 012142500 (28)
_ (s+0.5179)(s+1.805)
Gread-Lag (S) = (5+0.06289)(s+14.86) (29)

As the different compensators were designed, each one is
employed in the forward path of the system and the bode
diagram of the compensated system is displayed in Fig. 7. It
can be seen that the lag compensator increases the low
frequency gain, and reduces the high frequency gain and the
gain crossover frequency of the system. Meanwhile, the lead
compensator allows the high gain at high frequencies and
low gain at low frequencies, and rises the system gain
crossover frequency. However, the lead-lag compensator
gives high gain at all frequencies of the system and increases
the gain crossover frequency. The frequency response
characteristics of the three compensated systems are
evaluated and presented in Table 4.

Bode Diagram
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Figure. 7: Bode diagrams for lead, lag and lead-lag compensated systems

Table 4: System frequency response characteristics

Parameter Lead Lag Lead-Lag
compensator | compensator | compensator
Phase margin (PM) 56.60° 53.36° ©6.00°
Phase margin
frequency 298rad/s | 095rad/s | 4.65rad/s
Closed loop
bandwidth (os) | >oLTed/s | 181rad/s | 9.80rad/s
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Fig. 8 illustrates the time response comparison between
the lead, lag and lead-lag compensators when incorporated
with the DC motor system in a closed loop. It can be easily
seen that the three closed loop compensated systems are
stable and their responses are significantly improved
compared with the uncompensated system. Adding the lag
compensator improves the steady state error of the system.
However, it does not contribute much to the time response
required. The lead compensator provides a much faster
response as compared to the lag controller as expected but
still does not meet the higher time response requirements.
The lead-lag compensator provides both faster response and
steady state error reduction and therefore meets the
requirements as desired. Furthermore, a comparative
analysis between designed compensators in terms of
different time domain specifications are shown in Table 5.

Step Aesponse
T T T
i i i lag-lead
lag

lead

Ampltude

i i i i

| | | |
10 i 0
Time (saconds)

Figure. 8: Step response of lead, lag and lead-lag compensated systems

Table 5: System time response characteristics

Parameter Lead Lag Lead-Lag
compensator | compensator | compensator
Static velocity error 37.496 38.121 37511
constant (K,,)
Steady(:ta;e error 2.667 % 2.623 % 2.666 %
SS

Overshoot (os) 15.80 % 15.70 % 15.00 %
Peak time (t,) 0.984 s 2.990 s 0.583 s
Rise time (t,) 0.422s 1.270s 0.245 s
Settling time (t;) 1.660 s 16.500 s 3.380s

As can be seen in Table 5, it is clearly that the response of
the lead-lag compensated system is faster and better than the
other, due to shifted gain crossover frequency to higher value
and increased the bandwidth, accuracy is improved, and all
the design specifications are successfully met. The reduced
bandwidth in the lag compensated system lead to the slow
response, where peak time, rise time and settling time are
increased. The system with lead compensation has increased
the phase margin and bandwidth and the response has
become fast, but the maximum overshoot still exceeds the
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target. For steady state error, the lag compensator has more
influence than lead and lead-lag compensators.

VII. CONCLUSION

This paper has demonstrated the design of the lead, lag
and lead-lag compensators using frequency domain
techniques (bode diagram) is described, followed by the
detailed analysis of the various components used in the
system and the design steps of the compensators are
explained. A set of simulated results have been obtained
from a mathematical model of DC motor driven mechanical
load, and has been clearly shown that:

e All the design specifications are successfully met with
the lead-lag compensator.

e The transient response improved with the lead
compensator with little exceeded in the target of the
maximum overshoot.

e The steady state decreased with the lag compensator but
the system response has become slow.

e This technique is simple and attractive and could easily
be extended to design the compensators in embedded
systems.
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